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Introduction | The ASDYM equations

The ASDYM equations

The ASDYM equations describe interactions in the gauge field
with anti-self-duality, they have the following properties:

(1) They are 4-d integrable systems
(2) They possess soliton structure of Wronskian or Grammian

(3) They can be reduced to many (2+1)-d equations

Ward's conjecture [Ward-1985]

many (and perhaps all?) of the ordinary and partial differential
equations that are regarded as being integrable or solvable may be
obtained from the self-dual gauge field equations (or its generalizations)
by reduction.

Our goal: reduce 4-d ASDYM to some (2+1)-d integrable
equations, while the soliton structure can be preserved.
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Introduction | The ASDYM equations

The ASDYM equations

Let G be the gauge group and g be its associate Lie algebra. Let
(z,Z, w, W) be complexified space-time coordinates and A;, A, € g
be gauge potentials, the ASDYM equations read as:

[82 — A0y, + AZ, Oy — A0z + AW] =0,
where the gauge potentials read as:
A, =0iK=—(0,)JY, A,=:K=—(0,0)I"

The compatible condition leads to two equations:

(i) 9:((0:)J7) — 9((Owd)J ) =0 (Yang eqn)

(ii) 0,0:K — 04,05 K — [0:K, 05 K] = 0 (Chalmers-Siegel eqn)
Both of them are regarded as ASDYM equations.
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Introduction | Darboux transformation

Darboux transformation

Vectorial BDT of ASDYM [S.Li-Hamanaka-Huang-Zhang-2025]
Assume JI% and K9 to be seed solutions that satisfy

APl — 95K = — (9, /0y ( o)1,
Al = g, Kk0 = (9, SO (O1) 1,

Suppose 11 € Cpnxo and 0 € Cyyy satisfy the linear system

0, — =(0am) = ALY, 8,0 — (9:0)A = —AY0,
dun — Z(0sm) = nAD 8,0 — (9:0)A = —Allg,

where =, A € Cpxn are spectral parameter matrices.
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Introduction | Darboux transformation

Darboux transformation

Vectorial BDT of ASDYM [LHHZ-2025]

Then we introduce 2 determined by associated Sylvester equation
=Q — QA =nf.
Finally, the vectorial BDT of ASDYM is given by

J=(1-6Q7 =710 K=0Q"1y+ K.

The vectorial BDT of ASDYM transforms seed solutions to
N-soliton solutions with different backgrounds.

Remark: By setting ALl _ A!,e] = 0, one can extract Cauchy
matrix structure from it, which leads to ASDYM bright N-soliton.
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Introduction | Soliton soluitions of ASDYM

Soliton solutions of ASDYM

Let SO = J and KI% = 0, then A[ZO] = A!B] — 0, and one obtains:
Cauchy matrix structure [S.Li-Qu-Zhang-2023,LHHZ-2025]

Sylvester equation:

=Q — QA =nb.

Dispersion relations:

0.m ==(0wn), 00 = (9z0)A\,
8Wn — E(@}ﬁ), 8W9 = (8}9)/\,

Explicit solutions:

J=1-0Q7'="1y, K=0Q"1n.
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Introduction | Soliton soluitions of ASDYM

Soliton solutions of ASDYM

Suppose the spectral parameter matrices are both diagonal, then
the Cauchy matrix structure is satisfied by the following
construction [Ohta-2024]:

== Diag(Sb T 7£N)7 n= (¢,‘5(€,‘Z—|- w, SIW+ 2))/V><27
N = Diag(A1, -, An), 0 = (Vsi(Njz+ W, \jw + Z))2xn,
ZE:]_ ?biswsj

§i— XN

where ¢;s and v are arbitrary functions. If ¢;s and g are
exponential functions, it gives rise to soliton solution:

Q= (QU)NXN7 QU —

Qbis = Ajs eXP(Oéis(fiZ+ |7V) + 6is(€iw+ 2))7 (13)
¢5j = st exp(fysj(Ajz—l— |7V) + (55j(>\jW—|— 2)) (].b)
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Reduction to (2+1)-d integrable systems

Reduction to (2+1)-d integrable systems

Let G = GL(2), the J-matrix and K-matrix can be decomposed to

J11 J12> (Kll K12>
J= . K= |
(J21 J22 K21 K22
To reduce 4-d system to (2+1)-d system, and without losing any

generalities, we assume the i~derivative can be eliminated after
applying the following condition:

1
O K = [K7 50-3]7 03 .= D’ag(17 _1) (2)

Remark: It can be achieved by following setting in (1)

1 1 1

1
a1 257 aQ:_Ea 71_].:_57 /72]: 57
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Reduction to (2+1)-d integrable systems | The (241)-d NLS equation

The (2+1)-d NLS equation

In this sense, the Chalmers-Siegel equation simplifies to
1 1
8282/'(— [8WK, 50'3] — [82K, [K, 50'3]] =0.

Expanding it in terms of matrix entries, one obtains

Kii = 0, 1 (K1oKa1), Kz = —0; 1 (Ko1 K1),
0,0:K12 = —0w K12 — (0:K11) K12 + Ki2(0:K22),
0,0:K21 = 0w Ko1 + (0:K22)Ko1 — Ko1(0:K11).

Defining (r, q) := (K21, —Ki2), it yields the (2+1)-d NLS system:

rw = rzs — 2r0;1(qr)s, (NLS-1)
dw = —qz + 2qaz_1(l’q)§, (NI—S'2)
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Reduction to (2+1)-d integrable systems | The (241)-d NLS equation

The (2+1)-d NLS equation

Define (x, y, t) := (iz,iZ,iw), and introduce u := r = g*, then
(2+1)-d NLS system becomes the (2+1)-d NLS equation:

e + Uy + 200, H(|uf?), = 0.

Remark: Similar reductions are revealed in KP reduction, relative
ASDYM reduction are discussed [Kakei-lkeda-Takasaki-2001].

Remark: The bilinear NLS can be obtained from bilinear ASDYM
[Sasa-Ohta-Matsukidaira-1998].

From 4-d ASDYM to (2+1)-d NLS

8|7|'/K = [K, %0'3]
4-d ASDYM equation > (241)-d NLS system
(r,q) == (Ka1, —Ki2)
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Reduction to (2+1)-d integrable systems | The (241)-d NLS equation

The (2+1)-d NLS equation

Since

K=6Q1p= (z;) Q' (m m) = (21 22) ,
thus we have
g=—Kio=—01Q ',  r=Ko =609 .
The conjugate reduction is given by (AT (A*)T)

AZET? 91 :7717 82:77;7 QI_QT)
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Reduction to (2+1)-d integrable systems | The (2+1)-d Gl equation

The (2+1)-d Gl equation

Reduction to (2+1)-d Gl (Gerdjikov-lvanov) is based on the result
of (241)-d NLS. Starting from (2), we have

(82./)./_1 == 8,7VK: [K, %0'3],

which indicates

(32J11 azJ12> _ ( Kiodb1  KioJo )
0701 Oz —Koidii —Kordia/)

Let (p, q,r) = (Ja1Ji7, — K12, Ka1), they yield the relation:
p, = —r+ p°q. (MT)

This Miura Transformation links NLS (r, gq) and Gl (p, g)!
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Reduction to (2+1)-d integrable systems | The (2+1)-d Gl equation

The (2+1)-d Gl equation

From the second equation of NLS system

Guw = —Gzz + 20, (rq)s, (NLS-2)
we substitute r = —p, + p?q into it, which gives rise to
Guw = —qzz — 290, 1 (pz9)z + 240; 1 (P°q)z. (GI-2)

On the other hand, the w-derivative of (MT) shows

rw = (2pq - az)PW + pqu7

which along with (NLS-1) and (NLS-2) indicates an equation of:

Pw = Pz — 2p0, *(paz)z — 2p0; *(P°q")z. (GI-1)
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Reduction to (2+1)-d integrable systems | The (2+1)-d Gl equation

The (2+1)-d Gl equation

Define (x, y, t) := (iz,iZ,iw), and introduce u := p = g%, then
(2+1)-d Gl system becomes the (2+1)-d Gl equation:

iUy + Uy 4 2000, T (uut), + 200 (Ju*), = 0.
The relation between ASDYM and NLS and Gl are summarized:
From 4-d ASDYM to (2+1)-d Gl
oK = [K, %03]
(r,q) == (Ka, —K12)>

(p,q) := (J21J1_11, —Ki2) p = J21J1_11

4-d ASDYM equation (2+1)-d NLS system

r=—p:+pq i
(2+1)-d Gl system < a Miura transformation
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Reduction to (2+1)-d integrable systems | The (241)-d GDNLS equation

The (2+1)-d GDNLS equation

Other than Gl equation, the DNLS equations are known to have
three types, the Kaup-Newell type and the Chen-Lee-Liu type.
They are linked through gauge transformation [Wadati-Sogo-1983].
Moreover, the three equations can be viewed in one generalized
DNLS equation [Kundu-1984,1987].

Gauge transformation and GDNLS equation

Let U[GDNLS] = U[G|]S’Y, S = exp(i@;l\u[(;|]|2), then U[GDNLS] yields:

iur + Uy — i'yuﬁ;l(uxu*)y — ifyuxﬁ;l(|u|2)y (GDNLS)
+ 2i(y — 1w (uif)y + (v — 1)(y — 2)udy; (|u]*), = 0.

When v =0,1,2, (GDNLS) becomes GI, CLL, KN, respectively.
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Reduction to (2+1)-d integrable systems | The (241)-d GDNLS equation

The (2+1)-d GDNLS equation

Realization of gauge factor in ASDYM reduction:

s = exp(—9;(qp)) = exp(d; 1 (In(J11)2)) = Ju1.

Construction of (241)-d GDNLS: Suppose (p, q) satisfies
(2+1)-d Gl system, by defining (u, v) = (ps?, gs™7), it yields

Uy = Uz + yud; H(uyv)s + yu0; H(uv)s (GDNLS-1)
+2(y — Dud; Y uv,)s — (v — 1) (v — 2)ud; (1P V)3,
Ve = — Vs + 05 (uvy)s + yv,0; H(uv)s (GDNLS-2)

20y — VO (up)z + (7 — 1)y — 2w, (12)s.

Define (x, y, t) := (iz,iz,ii), and assume v = u*, the (2+1)-d
GDNLS system becomes (GDNLS).
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Reduction to (2+1)-d integrable systems | The (241)-d GDNLS equation

The (2+1)-d GDNLS equation

Let v = 1, defining (p,§) = (ps, gs— 1), it yields (2+1)-d CLL:

Pw = Pz + PO, (P-a)z + P20; (P, (CLL-1)
Gw = —Gzz + 30, 1 (PA)z + G20, ' (PG)z. (CLL-2)
Let v = 2, defining (p, §) = (ps®, gs~2), it yields (2+1)-d KN:
Pw = Pzz + 2(p0; 1 (PG)2)-; (KN-1)
Gw = — 8z + 2(30; 1 (P2)2)- (KN-2)

The construction of three DNLS equations are summarized:

Realization of DNLS in ASDYM reduction

e (2+1)-d GI: (p, q) = (Jo1Jiy , —K12)
o (2+1)-d CLL: (p,d) = (ps, g5 1) = (Jo1, —Ji7 K12)
o (2+1)-d KN: (p, §) = (ps?, g52) = (do111, —Ji K12)
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Reduction to (2+1)-d integrable systems | The (241)-d GDNLS equation

The (2+1)-d GDNLS equation

The relation between ASDYM and Gl and GDNLS are summarized:
From 4-d ASDYM to (241)-d GDNLS

P,q) - —
4-d ASDYM equation k) > (241)-d Gl system
(17, —Ki2)
(u, V) = (leflyl_l, —J1—17K12) s= e J(pq)dz

u,v):=(ps’,qs 7
(2+1)-d GDNLS systeng < )= %auge factor s = Jiq
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Reduction to (2+1)-d integrable systems | The (241)-d GDNLS equation

The (2+1)-d GDNLS equation

To achieve the conjugate condition of GDNLS (u, v), we first
consider the case of Gl (p, g), where:

../21 020_15_177]_ 1
— T — = —Kip = —6112 :
P J11 1— 91S2_1E_1771’ 9 12 ! 2

The conjugate condition is given by [S.Li-Liu-Zhang-2025]:
A== 6, = 771[, 0y = —ngET, =0+ Qi=t = 771771.
Through a direct calculation we have p = g*:

Kl = nbQ Ty —ph(@ 1=+ =tQ H="1y = — oy,
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Reduction to (2+1)-d integrable systems | The (241)-d GDNLS equation

The (2+1)-d GDNLS equation

As for the gauge factor s = Ji1, it yields s* = s~ 1:

Judly = (1=l ="y - pl=7TQ )
=1-nl(Q = + =T )y + Q= Il = Ty
—1—giQ izt 4=t t -zt =t Ty, = 1.

Thus v = (s77q)* = s”p = u, and it solves the GDNLS equation.
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Reduction to (2+1)-d integrable systems | The (241)-d GDNLS equation

The (2+1)-d GDNLS equation

The relations between ASDYM, NLS and KN were revealed by
using bilinear transformation [SOM-1998]:

o (24+1)-d NLS: i071) + OxOyt) + 21005 y|h|> = 0

b = M, W = M. (BT-NLS)

Tn,m Tn,m

o (241)-d KN: id13) + OxOytb + 2i0x[dx Oy|w|?] = 0

—1Tpn—1.mT, 1 Tn,mTn+1,m+1
* n—1,mTnm+ o , +1,m+
b = ! L= . (BT-KN)
Tn,m 7_n,m—l—l

Remark: The above notations (equations) are form the original
paper of [SOM-1998|, we are interested in their bilinear forms.
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Reduction to (2+1)-d integrable systems | The (241)-d GDNLS equation

The (2+1)-d GDNLS equation

The J-matrix and K-matrix have their bilinear transformations
[Ohta-2024,LLZ-2025]:

Jij = gi/f.  Kij=hy/f, 1<ij<2.

In this sense, we have
e BT of NLS from (r,q) = (K>1, —K12):

r=-—/, 9=-—. (BT-NLS-new)

e BT of KN from (p,q) = (Jo1J11, —Ji7Ki2):

811821

R R fhio
P = f2 3 q=——"7>5—

>
g11

(BT-KN-new)
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Reduction to (2+1)-d integrable systems | The (241)-d GDNLS equation

The (2+1)-d GDNLS equation

The BT of GDNLS are given in [Kakei-Sasa-Satsuma-1995]:
e BT of GDNLS (KSS version):
7‘7_1§ fr-lg

V= U= —
v’ r

(BT-GDNLS)

e BT of GDNLS from (u,v) = (JnJi; ', —J7 Ki2):

-1 —1
y— 811 821 77 hp
— —’ - .

= = 7, (BT-GDNLS-new)
The BT of GDNLS from ASDYM vyields KSS construction, and
also gives rise to the BTs of GI, CLL, KN and FL (Fokas-Lenells)

[Nakamura-Chen-1980,Liu-Wang-Zhang-2022].
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Concluding remarks

Concluding remarks

Starting from J-matrix and K-matrix of GL(2) ASDYM equations,
the structure of (2+1)-d NLS and GDNLS are clear.

Main theorem of this talk

Suppose =, A, Q,n = (n1,m2),0" = (6{,67) satisfy the Cauchy

matrix structure of ASDYM [SQZ-2023], define
h1=1-0:Q7"= 1, oy = -0 1=y,
Kio=01Q 1, Ko = 69 1.

Then NLS, Gl and GDNLS are solved by ASDYM solitons:
e (2+1)-d NLS: (Kz1, —Ki2)
o (2+1)-d Gl: (Jo1Jift, —Ki2)
e (241)-d GDNLS: (Joy /] ", —J; Ki2)
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Concluding remarks

Concluding remarks

Remark 1: The gauge factor s between DNLS equations, are
usually very difficult to calculate, thus Gl, CLL, KN are usually
discussed separately. However, in ASDYM reduction, the gauge
factor are given by J11 =1 — 919_15_1771, it has a very clear
expression.

Remark 2: By considering higer flows of ASDYM, the ASDYM
reduction can be extended to investigate integrable hierarchies,
e.g., the AKNS hierarchy, the DNLS hierarchies. [Will appear in
our coming research soon...]

Remark 3: By considering GL(N) ASDYM, the ASDYM reduction
can be extended to investigate matrix integrable system. [Will
appear in our coming research soon...]
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Concluding remarks

Concluding remarks

Question 1: The rouge wave pattern of NLS and GDNLS are
investigated by bilinear method in [Yang-Yang-2021,2023], and
ASDYM have rouge wave solution [Ohta-2024]. Can ASDYM

rogue wave gives rise to NLS/GDNLS rogue wave?

Question 2: KP reduction is a powerful method, have been

applied to investigate NLS [KIT-2001] and GDNLS [YY-2023].
What is the connection between ASDYM reduction and KP
reduction?

Question 3: KP equation, CBS (Calogero-Bogoyavlenskii-Schiff)
equation, DS (Davey-Stewartson) equation are also famous
(2+1)-d integrable systems. How to reduce ASDYM to these
equations, while the soliton structure can be preserved?
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Thanks for Listening!
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