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Outline

• Background of Cauchy matrix
• -What is Cauchy matrix? The properties and formula.

• Cauchy matrix approach: KP equation
• -How does Cauchy matrix approach work? Use KP equation as an example

• Self-dual Yang-Mills equation
• -Why self-dual Yang-Mills equation is so important in integrable systems?
• -Ward conjecture

• Cauchy matrix structure of self-dual Yang-Mills equation
• -How to construct SDYM Cauchy matrix solution
• -Integrable reduction towards 2d/3d integrable systems
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Background of Cauchy matrix

• The Cauchy matrix is one kind of the matrix in the form of:

• It can be regarded as a solution of the following Sylvester equation:

• Cauchy matrix is invertible, the inverse matrix is still a Cauchy matrix, 
there is a determinant formula for Cauchy matrix (see more details in 
[1]).

[1] https://en.wikipedia.org/wiki/Cauchy_matrix



Appearance of Cauchy matrix in integrable system

• Cauchy matrix is a famous matrix in computer science, control theory 
and linear algebra. But it also plays an important role in integrable 
system, this is the main thema of our talk.

• To author’s best knowledge, it was first appeared in 1956 [2] to solve 
the one-dimensional Schrödinger equation, there are some formulae:

[2] I. Kay, H.E. Moses, Reflectionless Transmission through Dielectrics and Scattering Potentials, J. Appl. Phys. 
27 (1956) 1503-1508.

Cauchy matrix with (lj = -kj)

1-soliton tau function



Appearance of Cauchy matrix in integrable system

• Cauchy matrix in KP equation [3,4]: 

[3] S. Chakravarty, T. Lewkow, K.I. Maruno, On the construction of the KP line-solitons and their interactions, 
Appl. Anal., 89 (2010) 529-545.
[4] V.B. Matveev, M.A. Salle, Darboux Transformations and Solitons, Springer-Verlag, Berlin, 1991.

KP-II equation (beta=1)

Bilinear transformation

Grammian solution

Cauchy matrix structure



Appearance of Cauchy matrix in integrable system

• Cauchy matrix in Toda equation [5]: 

[5] T. Makato, The solution of Toda equation and dimensional functions, 数理解析研究所講究録, 933 (1995) 35-
43.
[6] https://en.wikipedia.org/wiki/Toda_lattice

Toda lattice

Solution formula

Tau function with Cauchy matrix



Appearance of Cauchy matrix in integrable system

• A comprehensive literature [7] had collected soliton equations that the 
solution has Cauchy matrix structure, including: KP equation, sine-
Gordon equation, NLS equation, Toda chain and 2D Toda lattice.

• There are lots of integrable systems have the solution of the Cauchy 
matrix form. And sometimes they are referred to as the Grammian 
solution, a complete different name.

[7] C. Schiebold, Cauchy-type determinants and integrable systems, Linear Algebra Appl., 433 (2010) 447–475.
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Cauchy matrix and Gram matrix

• Usually, the Cauchy matrix in tau function is equivalent to the Gram matrix. 

• Cauchy matrix: 

• Gram matrix: 

• Plane wave factors:

• Equivalence:
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Cauchy matrix approach: KP equation 

• In this part, we will introduce how the Cauchy matrix approach works 
and how to derive soliton solutions with Cauchy matrix structure. One 
can refer to [8] for calculation details.

[8] W. Feng, S.L. Zhao, The Sylvester Equation and Kadomtsev–Petviashvili System, Symmetry, 14 (2022) 542 
(17pp).



Cauchy matrix approach: KP equation 

[7]



• By using (1.3), the derivatives of S(i,j) can be calculated:



Cauchy matrix approach: KP equation 

[7]

Bilinear transformation





Cauchy matrix approach: KP equation 

• We start from a Sylvester equation and dispersion relationships.
• Then we determine a master function S(i,j) 

• The derivatives can be calculated
• We apply these relations to derive (KP) equations of u=S(0,0) 



How to construct SDYM Cauchy matrix 
solution? 
• If we want to construct SDYM equation by using Cauchy matrix 

approach, we have to find certain Sylvester equation and dispersion 
relationships.

• The SDYM equation is a matrix equation, so we have to construct the 
master function as a matrix function.

• SDYM equation has lots of reductions to classical integrable systems, 
can SDYM Cauchy matrix solution generate Cauchy matrix solutions 
of other equations? (Ward conjecture)
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Self-dual Yang-Mills equation

• The self-dual Yang-Mills equation is an important physics model in 
quantum physics, geometry (fiber bundles), integrable system.

• Self-dual is a concept from gauge field theory, it means the field 
strength equals to its duality, i.e. :

Self-dual Definition of dualilty strength



Self-dual Yang-Mills equation

• The orginal self-dual condition is difficult to deal with. In 1977[9], 
Yang had introduced a coordinate transformation and rewrite the self-
dual condition as the follows:

[9] C.N. Yang, Condition of Self-Duality for SU(2) Gauge Fields on Euclidean Four-Dimensional Space, Phys. 
Rev. Lett., 38 (1977) 1377-1379.

Equivalent form of self-dual condition

R-gauge equations



Self-dual Yang-Mills equation

• From R-gauge equations, through the following construction, a matrix 
equation can be derived [10,11]:

[10] Y. Brihaye, D.B. Fairlie, J. Nuyts, R.G. Yates, Properties of the self dual equations for an SU(n) gauge theory, 
J. Math. Phys., 19 (1978) 2528-2532.
[11] K. Pohlmeyer, On the Lagrangian theory of anti-self-dual fields in four-dimensional Euclidean space,
Commun. Math. Phys., 72 (1980) 37-47.

Transformation

SDYM equation of J-matrix formulation

This equation is so simple! (We will investiagte SDYM in this form)



Self-dual Yang-Mills equation

• The integrability of J-matrix formulation[12,13]: 

• The Miura transformation:

• The K-matrix formulation[14]:

[12] A.A. Belavin, V.E. Zakharov, Yang-Mills equations as inverse scattering problem, Phys. Lett. B, 73 (1978) 
53-57.
[13] S.V. Manakov, V.E. Zakharov, Three-dimensional model of relativistic-invariant field theory, 
inte_x0002_grable by the inverse scattering transform, Lett. Math. Phys., 5 (1981) 247–253.
[14] A.N. Leznov, M.A. Mukhtarov, Deformation of algebras and solution of selfduality equation, J.
Math. Phys., 28 (1987) 2574-2578.

Generally, we can also call 
it the SDYM equation



Integrable reduction of SDYM

• The SDYM equation is important in integrable system, it possess lots 
of reduction towards some classical integrable systems.

• Abiowitz et al. had constructed and collected several reductions 
towards some classical soliton equations[15, 16]:

• (1 + 1)-dimensions: the KdV equation, the NLS equation, the sine-Gordon 
equation.

• (2+1)-dimensions: the KP equation, the Davey–Stewartson equation, the chiral 
field equations

• Painléve equations and so on......

[15] M.J. Abiowitz, S. Chakravarty, L.A. Takhtajan, A self-dual Yang-Mills hierarchy and its reductions to 
integrable systems in 1+1 and 2+1 dimensions, Commun. Math. Phys., 158 (1993) 289-314.
[16] M.J. Abiowitz, S. Chakravarty, R.G. Halburd, Integrable systems and reductions of the self-dual Yang–Mills 
equations, J. Math. Phys., 44 (2003) 3147-3173.



Ward conjecture

• There is a famous conjecture proposed by R.S. Ward:

[17] R.S. Ward, Integrable and solvable systems, and relations among them, Philos. Trans. R. Soc. Lond.
A, 315 (1985) 451-457.

Hamanaka (Nagoya U.) sensei’s slides:

Ward’s conjecture had been almost 
confirmed by explicit examples!

SDYM is very important in integrable 
system theory!



Cauchy matrix structure of self-
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Cauchy matrix structure of self-dual Yang-
Mills equation
• In our recent research, we worked out the Cauchy matrix structure of 

self-dual Yang-Mills equation[18,19].

• Starting from certain Sylvester equation and dispersion relations, we 
derive N-soliton solution formula for unreduced SDYM equation.

• Then we applied suitable reductions to make SDYM equation have 
physical meaning. 

[18] S.S. Li, C.Z. Qu, X.X. Yi, D.J. Zhang, Cauchy matrix approach to the SU(2) self-dual Yang-Mills equation, 
Stud. Appl. Math., 148 (2022) 1703-1721.
[19] S.S. Li, C.Z. Qu, D.J. Zhang, Solutions to the SU(N ) self-dual Yang-Mills equation, Physica D, 453
(2023) 133828 (17pp).



Cauchy matrix structure of self-dual Yang-
Mills equation
• Assumption1: Sylvester equation:

• Assumption2: Dispersion relations:

• Assumption3: Master function:

• Lamma1: If Assumption1,2,3 hold, the derivatives of S(i,j) can be 
calculated as:

In this case, r and s are no 
longer N-th column vectors, 
but Nx2 order matrices!

So that S(i,j) can be a 2X2 matrix 

a=diag(a1,a2) is diagonal matrix



Cauchy matrix structure of self-dual Yang-
Mills equation
• Lemma2: If Assumption1,2,3 hold, there is adifference relations for 

S(i,j):

• Theorem1: If S(i,j) satisfies Lemma1 and Lemma2, by following 
definition 

The Miura transformation
of SDYM equation



Cauchy matrix structure of self-dual Yang-
Mills equation
• Theorem1 is the main result of our paper, it is simple and easy to 

prove. (Through a direct calculation can verify this result!)

Miura transformation:

K-matrix formulation:

J-matrix formulation:

Our Cauchy matrix 
structure indicates this! 
Thus the SDYM (J-/K-
formulation) equation can 
be obtained!



Integrable reduction of SDYM equation

• However, this simple relation provides us a different viewpoint to 
connect SDYM equation and other integrable systems.

• By taking n=0, the x0-derivative disappears, and can be represented as 
a Lie bracket:

• This phenomenon indicates us a possible way to reduce the 4d SDYM 
equation to 2d or 3d classical integrable systems.



Integrable reduction of SDYM equation

The reduced K-matrix formulation:

u11 = -u22



Integrable reduction of SDYM equation

The reduced K-matrix formulation:



Integrable reduction of SDYM equation

Let n=2, m=1, then it corresponds to pKP equation

The KP equation:

The bilinear transformation for pKP equation



Integrable reduction of SDYM equation
• Recently, we have found a SDYM reduction to the Fokas-Lenells 

equation, which corresponds to Kaup-Newell spectral problem. (on 
progress, coming soon!)

Muria transformation of SDYM

K-matrix SDYM equation

AKNS hierarchyAKNS(-1) system AKNS(2) system

sine-Gordon equation the NLS equation

KN hierarchyKN(-1) system

the FL equation

The connection between 
AKNS(-1) with KN(-1) 
is recently revealed[20]

KN(2) system

the DNLS equation
[20] R.S. Ye, Y. Zhang, A vectorial Darboux transformation for the Fokas–Lenells system, Chaos Solitons 
Fractals, 169 (2023) 113233 (7pp).

(Not finished yet)

tau function

KP equation



Thank you for your attentions!

ありがとうございました


